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Introduction
Let F be a non-archimedean local ﬁeld, and G the F -rational points in a connected reductive
group deﬁned over F . By a theorem of Bersntein in [1], the category R(G) of complex smooth repre-
sentations of G is decomposed into an inﬁnite product of full subcategories, called Bernstein blocks,
which are determined by the inertial classes of pairs (M,π) consisting of a Levi subgroup M of G
and an irreducible supercuspidal representation π of M . By the theory of types, due to Bushnell
and Kutzko [3], up to conjugation by G , each Bernstein block corresponds to a unique pair (K ,ρ),
called a type, which consists of a compact open subgroup K of G and an irreducible representation
ρ of K , and it is equivalent to a category of unital left modules over the ρ-spherical Hecke alge-
bra H(G,ρ).
Let N be an integer  2, and G the general linear group GL(N, F ) over F . In Bushnell and
Kutzko [2], such a pair ( J , λ), called a simple type, is constructed for G = GL(N, F ), and it is proved
that it determines a pair (M,π) for G as above. For a parabolic subgroup P of G with Levi factor M ,
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supercuspidal type in M for the inertial class of (M,π), and ( J P , λP ) is a G-cover of ( JM , λM). It fol-
lows from [3] that ( J P , λP ) is a type in G for the inertial class of (M,π). The Hecke algebra H(G, λP )
is isomorphic to a certain aﬃne Hecke algebra of type A.
Let G be a symplectic group Sp2N (F ) over F with residue characteristic not 2, and P the Siegel
parabolic subgroup of G = Sp2N (F ) with Levi factor M  GL(N, F ). From a given irreducible supercus-
pidal representation π0 of GL(N, F ) that is self-dual, a type in G , indeed a G-cover, for the inertial
class determined by (M,π0) is constructed in Blondel [5]. These results are generalized to a general
Levi subgroup of G under certain hypotheses, and the corresponding Hecke algebra is computed as a
convolution algebra, in [6].
By using the result of [5], a certain cover ( J P , λP ) is constructed for a Levi subgroup M of an
unramiﬁed unitary group G , which is similar to the one of [6], in [13]. Independently of this result,
this type is obtained from the general results of Stevens [19], in which it is implicit.
In this paper, for the type ( J P , λP ) in the unramiﬁed unitary group G , it is proved that the
Hecke algebra H(G, λP ) is generic, i.e., there is an aﬃne Weyl group Wm with a set of genera-
tors {s0, s1, . . . , sm}, for some positive integer m, such that the Hecke algebra H(G, λP ) has a basis
{Tw | w ∈ Wm} as a vector space over the ﬁeld C of complex numbers, where Tw is a function in
H(G, λP ) supported on a single double ( J P , J P )-coset corresponding to w ∈ Wm , and such that the
following relations are satisﬁed: for w ∈ Wm and i ∈ {0,1, . . . ,m}, we have
Tw ∗ Tsi = Twsi , if (wsi) > (w),
T 2si = ai Tsi + bi1, ai,bi ∈ C, bi = 0,
where  is the length function on Wm .
The contents of this paper are as follows: In Section 1, we review brieﬂy the results of [13], which
are rewritten by the terminology of [19], and recall Proposition 1 of [6]. In Section 2, we deﬁne an
auxiliary unitary group, and in Section 3, we observe the centralizer in G of a certain simple element
of the Lie(G). In Section 4, using the results of Sections 2 and 3, we calculate convolution products in
the Hecke algebra H(G, λP ) to obtain the above main result (Theorem 4.3).
1. A type for unramiﬁed p-adic unitary groups
1.1. Let F be a non-archimedean local ﬁeld equipped with a galois involution − , with the ﬁxed
ﬁeld F0. Let oF and pF be its maximal order and the maximal ideal of oF , respectively, and kF = oF /pF
the residue class ﬁeld. Let F be a uniformizer of F . We assume that the residual characteristic p is
not 2 and that F/F0 is unramiﬁed (possibly F = F0).
Let N be an integer  4. Let V be an N-dimensional vector space over F , and put A = EndF (V ).
Let h be a non-degenerate anti-hermitian form on V over F/F0. We furthermore assume that the
anisotropic part of V is zero. Then N must be even. Let − be the adjoint (anti-)involution on A
deﬁned by the form h. Put G˜ = AutF (V )  GL(N, F ). We deﬁne γ to be the involution x → x¯−1 on G˜ ,
and put Γ = {1, γ }.
We set G = G˜Γ = {g ∈ G˜ | h(gv, gw) = h(v,w) for all v,w ∈ V }. Then G is a symplectic group
over F if F = F0, and is an unramiﬁed unitary group over F0 if F = F0. We write G = U (V ,h).
An oF -lattice sequence in V is a function Λ : Z → {oF -lattices in V } which satisﬁes (1) n  m
implies Λ(n) ⊂ Λ(m), (2) there is a positive integer e = e(Λ) (the oF -period) such that Λ(n + e) =
pFΛ(n) (n ∈ Z). We say that a oF -lattice sequence Λ is strict, if Λ(n)  Λ(n+ 1) (n ∈ Z).
From an oF -lattice sequence Λ in V , we obtain a ﬁltration on A by
an = an(Λ) =
{
x ∈ A ∣∣ xΛ(k) ⊂ Λ(k + n) (k ∈ Z)} (n ∈ Z).
We can deﬁne a ‘valuation’ νΛ on A by νΛ(x) = sup{n ∈ Z | x ∈ an} (x ∈ A), where we understand that
νΛ(0) = ∞. We note that if Λ is strict, then an = an1 (n ∈ Z, n> 0).
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of G˜ , equipped with a ﬁltration P˜n = P˜n(Λ) = 1+ an(Λ) (n ∈ Z, n> 0).
For an oF -lattice L in V , we deﬁne the dual lattice L# by L# = {v ∈ V | h(v, L) ⊂ pF }. An oF -lattice
sequence Λ in V is called self-dual, if there is an integer d such that Λ(k)# = Λ(d − k) (k ∈ Z). In
this case, we can set P = P (Λ) = P˜ (Λ)Γ , a compact open subgroup of G , and Pn = Pn(Λ) = P˜n(Λ)Γ
(n> 0), a ﬁltration on P = P (Λ).
1.2. A 4-tuple [Λ,n,0, β] is called a skew simple stratum in A, if Λ is a self-dual oF -lattice sequence
in A, n is a positive integer, β is an element in A which satisﬁes β + β = 0 and
(1) the algebra E = F [β] is a ﬁeld;
(2) Λ is an oE -lattice sequence (denote it by ΛoE );
(3) νΛ(β) = −n;
(4) k0(β,Λ) < 0,
where oE is the maximal order of E and k0(β,Λ) is the integer deﬁned by [4, (5.1)].
Let [Λ,n,0, β] be a skew simple stratum in A, B the A-centralizer of β , and E0 = {x ∈ E =
F [β] | x = x}, where x → x is the involution on E induced by the one on A deﬁned in 1.1. Then by
[8, 5.2], there is a non-zero F0-linear form  : E → F with (x) = (x) (x ∈ E), and a non-degenerate
E/E0-skew-hermitian form h˜β on V such that the two notions of lattice duality for oE -lattices in V
given by h and h˜β coincide (cf. [19, 2.1]). Set GE = B× ∩ G . Then GE is isomorphic to the unitary
group of (V , h˜β), and we identify GE = U (V , h˜β).
Deﬁnition 1.1. (Cf. Deﬁnition 2.4 of [13].) A skew simple stratum [Λ,n,0, β] in A is called good, if
there is a skew simple stratum [Λ′,n′,0, β] in A satisfying the following conditions (1)–(4):
(1) Λ′ is strict and a0(Λ′) is principal;
(2) E/E0 is unramiﬁed;
(3) R = dimE(V ) is even;
(4) there is an integer k such that L = Λ′(k) satisﬁes L# =E L, where E is a uniformizer of E ,
and Λ = 2Λ′ − 1 if e = e(Λ′oE ) is even, Λ = 2Λ′ if e is odd, and n = 2n′ .
In Deﬁnition 1.1, the simple stratum [Λ′,n′,0, β] in A coincides with [A′,n′,0, β], with A′ =
a0(Λ
′), in A of [2, (1.5.5)], and the oF -lattice sequence Λ satisﬁes Λ(k)# = Λ(1 − k) (k ∈ Z) and
e(ΛoE ) = 2e, which satisﬁes the conditions of [19, p. 297].
Proposition 1.2. (See Proposition 2.7 of [13].) If the conditions (2), (3) and (4) in Deﬁnition 1.1 are satisﬁed,
the anisotropic part of (V , h˜β) is zero.
Assume that [Λ,n,0, β] is a good skew simple stratum in A, and set e = e(ΛoE )/2. We denote by
B the A-centralizer of β . We set m = e/2 the least integer among integers  e/2, and bk = ak ∩ B
(k ∈ Z). Then we have an E-decomposition
V =
m⊕
j=−m
W ( j) (1.1)
of V subordinate to the oE -order B = b0 in the sense of [2, (7.1.11)], where we set j = 0 if e is even.
We write P˜ (ΛoE ) = P˜ (Λ)∩ B× and P (ΛoE ) = P˜ (ΛoE )∩ G .
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(1) each W ( j) is an E-subspace of V of dimension R/e;
(2) Λ(k) =⊕mj=−m Λ( j)(k) (k ∈ Z), where Λ( j)(k) = Λ(k)∩ W ( j);
(3) each P˜ (Λ( j)oE ) is a maximal self-dual oE -order in AutE(W
( j));
(4) the orthogonal complement of W ( j) in V is equal to
⊕
k =− j W (k);
(5) there exist self-dual oE -lattice sequences ΛM and Λm in V such that
a0
(
Λm
)⊂ a0(Λ) ⊂ a0(ΛM)
with b0(ΛM) maximal and b0(Λm) minimal in B.
Proof. These parts except (5) follow immediately from [2, (5.5.2)] and [13, Proposition 2.7] (see also
[19, 5.1]), and part (5) easily from part (4) in Deﬁnition 1.1. In fact, ΛM and Λm can be easily produced
from strict self-dual oE -lattice sequences in V as in Deﬁnition 1.1 (cf. [2, (5.1.12)]). For ΛM , we can
choose M1 which is deﬁned in [19, 7.2,2]. 
1.3. We assume that [Λ,n,0, β] is a good skew simple stratum in A, let E = F [β] and B the
A-centralizer of β . In [18, 3.2], we deﬁne a pair of oF -orders H(β,Λ) ⊂ J(β,Λ) of A, and obtain
compact open subgroups H˜(β,Λ) = H(β,Λ)× and J˜ (β,Λ) = J(β,Λ)× of G˜ with normal subgroups
H˜1(β,Λ) = H˜(β,Λ)∩ P˜1(Λ) and J˜1(β,Λ) = J˜ (β,Λ)∩ P˜1(Λ), respectively.
We can set H(β,Λ) = H˜(β,Λ)∩ G , H1(β,Λ) = H˜1(β,Λ)∩ G , and similarly J (β,Λ), J1(β,Λ).
Let θ be a skew simple character of H1(β,Λ), deﬁned by [17, 3.2], that is, θ is the restriction of
a simple character θ˜ of H˜(β,Λ) to H(β,Λ), deﬁned by [2, (3.2)], with θ˜ γ = θ˜ . Then by [19, Propo-
sition 3.5] there is a unique irreducible representation η of J1(β,Λ) such that η contains θ , and by
[19, Deﬁnition 4.5] there is a β-extension κ of η to J (β,Λ) relative to ΛM . This deﬁnition is general.
However for the underlying stratum [Λ′,n′,0, β] of [Λ,n,0, β] in Deﬁnition 1.1, it is proved by [13,
Proposition 3.8] that the β-extension κ is intertwined by the whole B× ∩ G . This property is analo-
gous to that for GL(N, F ) of [2, (5.2.1)] and is stronger than that of [19, Corollary 4.6] in the general
case (see the remarks below that corollary).
It follows from [13, 5.3] that for the integer f = R/e, there is a canonical isomorphism
J (β,Λ)/ J1(β,Λ) 
{
GL( f ,kE )m if e is even,
GL( f ,kE )m × U ( f ,kE0) if e is odd,
where U ( f ,kE0 ) is the unitary group of a non-degenerate kE/kE0 -skew-hermitian form of dimension
f over kE (cf. [19, 3.3 and Corollary 5.11]). Let τ0 (resp. τ1) be an irreducible cuspidal representation
of GL( f ,kE ) (resp. U ( f ,kE0 )). We deﬁne an irreducible representation τ by τ = τ⊗m0 if e is even, and
by τ = τ⊗m0 ⊗ τ1 if e is odd. Via this isomorphism, we lift τ to an irreducible representation, say
again τ , of J (β,Λ).
Form the β-extension κ above and this representation τ , we deﬁne a representation λ of J (β,Λ)
by
λ = κ ⊗ τ .
We call it a simple type (of positive level) in G attached to a good skew simple stratum [Λ,n,0, β]
in A.
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A-centralizer of β .
From the E-composition (1.1), we have a Levi subgroup M˜ of G˜ which is deﬁned by the stabilizer of
(1.1) in G˜ . We set M = M˜∩G . Then M is a Levi subgroup of G which is isomorphic to ∏mj=1 AutF (W ( j))
if e is even, and to (
∏m
j=1 AutF (W ( j)))× G0 if e is odd, where G0 is a unitary group of the same type
as G . Let P be a parabolic subgroup of G such that elements of its unipotent radical, denoted by U ,
have upper triangular block form. Then P = MU .
By [13, Lemma 2.6], there is a canonical Witt basis V of (V , h˜β) (cf. [2, (5.5.1)]). Let W be the
aﬃne Weyl group of GE = B× ∩ G with respect to a maximal torus T E deﬁned by V , and Wm the
normalizer of b0(Λ)∩ M˜ in W .
For an integer j (1  j  m), we obtain the Weyl element s j of Wm by [19, 6.2], and deﬁne
the involution σ j on the factor AutF (W ( j)) of M by σ j(g) = s j g(s j)−1 for g ∈ AutF (W ( j)) following
[19, 6.3]. This involution σ j induces the one, denoted by σ j , on GL( f ,kE ). We say that the represen-
tation τ of J (β,Λ) in 1.3 is self-dual if the factor τ0 of GL( f ,kE ) satisﬁes τ0  τ0 ◦ σ j .
By [2, (7.1.14)], the groups H1(β,Λ), J1(β,Λ), and J (β,Λ) have Iwahori decompositions with
respect to (M, P ) (cf. [19, Corollary 5.10]), and so we have a compact open subgroup of G deﬁned by
J P = H1(β,Λ)( J (β,Λ) ∩ P ). For the simple type λ in 1.3, we let λP be the natural representation of
J P on the space of ( J (β,Λ)∩ U )-ﬁxed vectors in the representation space of λ.
Let H(G, λ) and H(G, λP ) be the Hecke algebras of ( J (β,Λ),λ) and ( J P , λP ), respectively (cf.
[2, Section 4]). We say that λ (resp. λP ) is self-dual if its factor τ is self-dual. For our unitary group G ,
it follows easily from [19, 7.1] that if λ (resp. λP ) is self-dual, functions of H(G, λ) (resp. H(G, λP ))
are all supported on Wm , and that there is a canonical support-preserving isomorphism H(G, λ) 
H(G, λP ).
Theorem 1.4. (See Theorem 6.6 of [13].) Let [Λ,n,0, β] be a good skew simple stratum in A, and λP the
representation of J P obtained from a simple type ( J (β,Λ),λ) in G attached to [Λ,n,0, β]. Then there is an
irreducible supercuspidal representation, πM, of M such that ( J P , λP ) is an [M,πM ]G-type in G.
1.5. Let [Λ,n,0, β] be a good skew simple stratum in A, land λP be the representation of J P
obtained from a simple type ( J (β,Λ),λ) in G attached to [Λ,n,0, β].
In order to study the Hecke algebra H(G, λP ) in 1.4, we recall the structure of the compact open
subgroups H˜1(β,Λ), J˜1(β,Λ), and J˜ (β,Λ) of G˜ obtained by [6].
Let E = F [β], e = e(ΛoE ), and B the A-centralizer of β . Let m = e/2 as in 1.2. For the decom-
position (1.1) of V as F -vector spaces, we rewrite V1 = W (−m) , V2 = W (−m+1) , . . . , Ve = W (m) , and
Λ1 = Λ(−m) , Λ2 = Λ(−m+1) , . . . , Λe = Λ(m) , temporary. Then V =⊕ei=1 Vi and Λ(k) =⊕ei=1Λi(k)
(k ∈ Z). Thus A is decomposed as follows
A =
∐
i, j
Ai j, Aij = HomF (V j, Vi),
where i, j run through {1, . . . , e}. By Lemma 1.3, we can choose an oE -basis Vi of Λi in Vi appropri-
ately, for each i (1 i  e) (cf. [2, (1.1.7)]). We identify V1 = · · · = Ve , and so V1 = · · · = Ve . We write
W = Vi and ΛW = Λi , for all i. Thus we can regard Aij = EndF (W ) (1 i, j  e).
By deﬁnition, we have M˜ = (∏i Aii) ∩ G˜ . We set N =∏i< j Ai j , N =∏i> j Ai j , U˜ = 1 + N, and
U˜ = 1+N . Let P˜ = M˜U˜ and J˜ P˜ = H˜1(β,Λ)(˜ J (β,Λ)∩ P˜ ) be the subgroup of G˜ deﬁned in [2, (7.2.17)]
(cf. [19, 5.1]). Then we have P = P˜ ∩ G and J P = J˜ P˜ ∩ G .
Proposition 1.5.
(i) The group J˜ P˜ has also an Iwahori decomposition with respect to (M˜, P˜ ), which induces that of J P in 1.4,
and we have
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(
H1(β,Λ)∩ N
)
,
J˜ P˜ ∩ M˜ = J0(β,Λ)∩ M˜,
J˜ P˜ ∩ U˜ = J˜1(β,Λ) = 1+
(
J1(β,Λ)∩ N).
(ii) Assume that e = e(ΛoE )/2 2. Then we have
(1) for i ∈ {1, . . . , e}, J(β,Λ)∩ Aii = J(β,ΛW );
(2) for i, j ∈ {1, . . . , e} with i > j,
J(β,Λ)∩ Aij =
{
H1(β,ΛW ) if 1 i − j  e/2,
EJ(β,ΛW ) if e/2 + 1 i − j  e − 1,
J(β,Λ)∩ A ji =
{
J(β,ΛW ) if 1 i − j  e/2 − 1,
−1E H1(β,ΛW ) if e/2 i − j  e − 1;
(3) for i, j ∈ {1, . . . , e} with i > j, we have
H1(β,Λ)∩ Aij =
{
H1(β,ΛW ) if 1 i − j  e/2 − 1,
EJ(β,ΛW ) if e/2 i − j  e − 1,
J1(β,Λ)∩ A ji =
{
J(β,ΛW ) if 1 i − j  e/2 − 1,
−1E H1(β,ΛW ) if e/2 i − j  e − 1.
Proof. Part (i) follows from [2, (7.1.17)] and [19, 5.3], and part (ii) is a direct consequence of
[6, Proposition 1 and Appendix]. 
2. An auxiliary unitary group Gb
In order to calculate the support of convolution products in the Hecke algebra H(G, λP ), we deﬁne
an auxiliary unitary group Gb .
In this section, we assume that [Λ,n,0, β] is a good skew simple stratum in A = EndF (V ) with
e = e(ΛoE )/2 2. Let E = F [β], B = Bβ A-centralizer of β , and m = e/2. Associated with this β , we
have the non-degenerate E/E0-anti-hermitian form h˜β deﬁned in 1.1. By [7, 23.9], we may assume that
the form h˜β is hermitian, and so do we hereafter. Let V =⊕mj=−m W ( j) be the E-decomposition (1.1)
of V , with dimE (W ( j)) = f , for all j (−m j m). We choose a Witt basis V for (V , h˜β) as follows:
We denote by h˜ jβ the restriction of h˜β to the subspace W
(− j) + W ( j) for j  0. For j ∈ {1, . . . ,m},
we choose an ordered oE -basis V( j) = {v j1, . . . , v jf } for the lattice Λ( j)(0) such that Λ( j)(0) = oE v j1 ⊕
· · · ⊕ oE v jf . We take the ordered basis V(− j) = {v− j1 , . . . , v− jj } of W (− j) for which h˜ jβ(v js , v− jt ) = δs,t ,
where δs,t denotes the Kronecker delta. If e is odd, we choose a Witt E-basis V (0) such that Λ(0)(k) =⊕
v p
n(k)
E v , for n(k) ∈ Z, where v runs through V(0) . Here we note that f is even, since R = ef is so
(see Deﬁnition 1.1). Form V =∐mj=−m V( j).
We set I = {±1, . . . ,±m}. Let I˜ = I if e is even, and I˜ = I ∪ {0} if e is odd. Let Vb be an E-vector
space with a (formal) basis {ei | i ∈ I˜}, and deﬁne an E/E0-hermitian form hb on Vb by
hb(x, y) =
{∑m
i=1(xi y−i + x−i yi) if e is even,
x0 y0 +∑mi=1(xi y−i + x−i yi) if e is odd
where x=∑k xkek ∈ V , xk ∈ E , xk denotes the E/E0-Galois conjugate of xk , and similarly y =∑k ykek .
Then this form is clearly a non-degenerate E/E0-hermitian form. Denote by Gb = U (Vb,hb) the uni-
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[9, Section 10] and [20, 1.15].
From now on, we express elements of B = EndE (V ) in matrix form relative to the basis V , and do
so for EndE (Vb) relative to the basis {ei | i ∈ I˜}. To each (gij) ∈ EndE (Vb) with gij ∈ E , we naturally
associate a family of E-linear maps v → gij v from W ( j) to W (i) , which is again denoted by gij I f , that
is, (gij I f ) ∈ B = EndE (V ), where I f denotes the identity matrix of rank f . For g = (gij) ∈ EndE (Vb),
write
ϕ(g) = g ⊗ I f = (gij I f ) ∈ B = EndE(V ).
So we get an injection
ϕ : EndE(Vb) → B = EndE(V ). (2.1)
For the hermitian space (V , h˜β) above, GE = B× ∩ G is naturally isomorphic to the unitary group
U (V , h˜β). Via this isomorphism, we identify GE = B× ∩ G = U (V , h˜β).
Lemma 2.1. The injective map ϕ of (2.1) induces an injective homomorphism
ϕ : Gb = U (Vb,hb) → GE = U (V , h˜β).
Proof. This follows immediately by deﬁnition (cf. [20, 1.15]). 
We recall the structure of the unitary group Gb by [9, Section 10], [20, 1.15], [15, Section 9], and
[13, 5.1]:
We deﬁne a subgroup Sb of Gb which consists of the elements Diag(d−m, . . . ,dm) with di ∈ E×0 ,
and with d−idi = 1 (i ∈ I), if e is even, and with d−idi = d0 = 1 (i ∈ I), if e is odd. Denote by Gb , Sb
the connected algebraic group generated by GB, Sb over E0, respectively. Let Zb be the centralizer of
Sb in Gb , and Zb the group of E0-rational points in Zb .
For each i, we deﬁne a character ai : Sb → GL1 by ai(Diag(d−m, . . . ,dm)) = d−i , where GL1 denotes
the multiplicative algebraic group deﬁned over E0. Then the character group, X(Sb), of Sb is a free
Z-module generated by a1, . . . ,ar . In X(Sb), put aij = ai + a j and a−i = −ai . We deﬁne a subset, Φb ,
of X(Sb) by
Φb =
{ {aij | i, j ∈ I, i = ± j} ∪ {2ai | i ∈ I} if e is even,
{aij | i, j ∈ I, i = ± j} ∪ {ai,2ai | i ∈ I} if e is odd.
Then this is the root system of (Gb, Sb).
For each α ∈ Φb , we deﬁne unipotent elements xα(t) = 1+ (gk) and xα(t,u) = 1+ (gk), t,u ∈ E ,
of Gb by
(1) if α = aij , for t ∈ E , g− j,i = −t , g−i, j = t and all other gk = 0,
(2) if α = 2ai , for t ∈ E with t + t = 0, g−i,i = t and all other gk = 0,
(3) if e is odd and α = ai , for t,u ∈ E with tt + u + u = 0, g−i,0 = −t , g−i,i = u, g0,i = t , and all other
gk = 0.
Let b = {α1,α2, . . . ,αr} of Φb be a basis of Φb such that the corresponding root subgroups are
upper triangular unipotent. Since E/E0 is unramiﬁed, it follows from [20, 1.15] that the aﬃne root
system of Gb is given by Φ˜b = {α + γ | α ∈ Φb, γ ∈ Z}. Let α0 be the maximal root relative to b .
Then the set {α˜0 = 1− α0, α˜i = αi for i ∈ {1, . . . ,m}} form a basis, say ˜b , of Φ˜b .
For each α˜i ∈ ˜b , let si = sα˜i be the aﬃne reﬂection associated with the aﬃne root α˜i . Then Gb
has an aﬃne Weyl group W b with a set of generators {s0, s1, . . . , sm}.
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ter group of Zb , X̂(Zb) = Hom(X(Zb),Z), and likewise for X̂(Sb). Then, since E/E0 is unramiﬁed,
we may identify X(Zb) = X(Sb) = Zm . Denote by L this Z-module. Let Db be the subgroup of Zb
whose coeﬃcients consist of elements of form  nE for n ∈ Z. Then we have Db = { nE | n ∈ L = Zm},
where for n = (n1, . . . ,nm),  nE = Diag( nmE , . . . , n1E ,−n1E , . . . ,−nmE ) if e is even, and likewise for
odd e.
Let 〈 , 〉 be the canonical pairing of X(Zb)× X̂(Zb). Then, for ai ∈ X(Zb) = X(Sb), we have
ai
(
 nE
)= niE ∈ L = X̂(Zb) = X̂(Sb).
Let Nb be the normalizer of Sb in Gb , and denote by Nb the group of E0-rational points in Nb . Let
Z0b = {Diag(d−m, . . . ,dm) ∈ Zb | di ∈ o×E }. Then, since the derived subgroup of Gb is simply-connected,
W b is isomorphic to the quotient group Nb/Z0b (cf. [20, 3.1]). Denote by W b,0 the subgroup of W b
generated by {s1, . . . , sr}. Then this is a ﬁnite Weyl group, and we have W b = Db  W b,0 (semi-
direct).
3. The group GE = B× ∩ G
We retain notation and assumptions in the previous Section 4.
Let W be the aﬃne Weyl group of GE = B× ∩G = U (V , h˜β) associated with the basis V deﬁned in
Section 2, and Wm the normalizer of b0 ∩ M˜ in W as in 1.4. Then, via the injective homomorphism
ϕ in Lemma 2.1, we obtain W b  Wm . We set
Dm = ϕ(Db) = Db ⊗ I f , Wm,0 = ϕ(W b,0).
Then we have Wm = Dm  Wm,0, and we may identify
Db = Dm, W b,0 = Wm,0, W b = Wm.
Moreover, we denote again by Nb the image ϕ(Nb) in GE .
From the E-decomposition (1.1) of V , the F -algebra A = EndF (V ) is decomposed into
A =
∐
i, j
HomF
(
W ( j),W (i)
)
,
where i, j run through I˜ . Put Aij = HomF (W ( j),W (i)).
Remark 3.1. For the elements si ∈ W b = Wm for 0  i m in the previous section, denote by ns ∈
Nb ⊂ GE representatives for s = si . We choose sm and sm−i (0 i m− 1) deﬁned in [19, 6.2] as the
representatives ns0 and nsi (1 i m), respectively.
Let i, j ∈ I˜ . For a block matrix T ∈ HomF (W (i),W (− j)), we have
h(T v,w) = h(v,σ (T )w), v ∈ W (i), w ∈ W ( j),
and σ(T ) ∈ HomF (W ( j),W (−i)).
Deﬁnition 3.2. Let Φb be the root system of Gb deﬁned in Section 2. For each α ∈ Φb , we deﬁne
unipotent elements of G˜ = A× in the block form as follows:
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all other block yk = 0.
(2) For α = 2ai ∈ Φb , T ∈ A−i,i , set x˜2ai (T ) = 1+ y, where y−i,i = T and all other block yk = 0.
(3) For α = ai ∈ Φb , (T , T ′, T ′′) ∈ Ai0 × Ai,−i × A0,−i , set x˜ai (T , T ′, T ′′) = 1 + y, where y0,−i = T ′′ ,
yi,−i = T ′ , yi0 = T and all other block yk = 0.
Lemma 3.3.We have
(1) x˜ai j (T , T
′) ∈ G ⇔ σ(T )+ T ′ = 0;
(2) x˜2ai (T ) ∈ G ⇔ σ(T )+ T = 0;
(3) x˜ai (T , T
′, T ′′) ∈ G ⇔ σ(T )+ T ′′ = 0 and T ′ + σ(T ′)+ σ(T ′′)T ′′ = 0.
Proof. For (1), let x = x˜ai j (T , T ′). Then x ∈ G if and only if h(xv, xw) = h(v,w) for all v,w ∈ V . Let
v =∑k vk , w =∑k wk , vk,wk ∈ W (k) (k ∈ I˜). By a simple calculation, we see that the above condition
is equivalent to the following: For any vi,wi ∈ W (i) and any v j,w j ∈ W ( j) ,
h
(
vi,
(
σ(T )+ T ′)w j)+ h(v j, (σ (T ′)+ T )wi)= 0.
Thus this is equivalent to σ(T ) + T ′ = 0, which complete the proof of (1). The condition (2) follows
similarly.
For (3), let x = x˜ai (T , T ′, T ′′). For v =
∑
k vk , w =
∑
k wk ∈ V of (1), x ∈ G if and only if, for any
v0,w0 ∈ W (0) and any v−i,w−i ∈ W (−i) , we have
h
(
v0,
(
σ(T )+ T ′′)w−i)+ h(v−i, (σ (T ′′)+ T )w0)+ h(v−i, (T ′ + σ (T ′)+ σ (T ′′)T ′′)w−i)= 0.
This is clearly equivalent to σ(T )+ T ′′ = 0 and T ′ +σ(T ′)+σ(T ′′)T ′′ = 0. The proof is completed. 
Hereinafter, if x˜ai j (T , T
′), x˜ai (T , T ′, T ′′) ∈ G , then we set
x˜ai j (T ) = x˜ai j
(
T ,−σ(T )),
x˜ai
(
T , T ′
)= x˜ai (T , T ′,−σ(T )).
An element w of W b = Wm can be uniquely written in the form w = dw0, where d =  nE ∈
Db = Dm , n ∈ L = Zm , and w0 ∈ W b,0 = Wm,0. Moreover, we have d =  nE ⊗ I f in GE , and we may
set the representative nw0 of w0 in Nb ⊂ GE so that its block coeﬃcients consist of ±I f and 0. Thus
dnw0 =
(
 nE ⊗ I f
)
nw0
is a representative of w = dw0 ∈ W b = Wm in Nb ⊂ GE .
Proposition 3.4. Let w = dw0 ∈ W b with d =  nE , n ∈ L = Zm, w0 ∈ W b,0 , and nw0 be as above. Put
nw = dnw0 . Then, for x˜α(T ), x˜α(T , T ′) ∈ G and α ∈ Φb ,
(1) For α = aij , 2ai (i ∈ I),
nw x˜α(T )n
−1
w = x˜w0(α)
(

〈w0(α),n〉
E T1
);
where T1 = ± bE T−bE for some integer b.
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nw x˜α
(
T , T ′
)
n−1w = x˜w0(α)
(

〈w0(α),n〉
E T1,
〈w0(2α),n〉
E T
′
1
)
where T1 = ± bE T−bE and T ′1 = ± b
′
E T
−b′
E for some integers b,b
′ .
Proof. For (1), let α = aij = ai + a j ∈ Φb (i = ± j), and T ∈ A−i, j . Then
nw x˜aij (T )n
−1
w = x˜w0(aij)
(± 〈w0(ai),n〉E T 〈w0(a j),n〉E )
= x˜w0(aij)
(

〈w0(aij),n〉
E T1
)
,
where T1 = ± bE T−bE with b = 〈−w0(a j),n〉.
For α = 2ai = ai + ai , similarly.
(2) For α = ai , we remark that w0(α) ∈ {ai | i ∈ I}, since nw0 acts as the multiplication by ±1
on V0. Similarly, we have
nw x˜ai
(
T , T ′
)
n−1w = x˜w0(ai)
(
1T
〈w0(ai),n〉
E , 2
〈w0(ai),n〉
E T
′ 〈w0(ai),n〉E
)
= x˜w0(ai)
(

〈w0(ai),n〉
E T1,
〈w0(2ai),n〉
E T
′
1
)
where i = ±1 (i = 1,2), T1 = 1 bE T−bE with b = 〈w0(−ai),n〉, and T ′1 similarly. The proof is
completed. 
Since W b and {s0, s1, . . . , sr} form a Coxeter system, as was seen in Section 2, the aﬃne Weyl
group W b has the length function b .
Proposition 3.5. Suppose that w = dw0 ∈ W b , d =  nE , n ∈ L = Zm, and w0 ∈ W b,0 . Let b(ws0) >
b(w). Then {

〈w0(−α0),n〉
E ∈ oE if w0(−α0) < 0,

〈w0(−α0),n〉
E ∈ p−1E if w0(−α0) > 0.
Proof. (Cf. [12, Proposition 1.28].) It follows from [10, 1.6 Proposition] that
b(wsi) > b(w) ⇐⇒ w(α˜i) > 0.
Let i = 0. Since α˜0 = 1− α0, we have
w(α˜0) = w(1− α0) = 1+
〈
w0(−α0),n
〉+ w0(−α0).
Thus, from [10, 1.4], w(α˜0) > 0 if and only if{
“w0(−α0) < 0 and 1+
〈
w0(−α0),n
〉
> 0” or,
“w0(−α0) > 0 and 1+
〈
w0(−α0),n
〉
 0”.
This shows the proposition. 
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In this section, assume that [Λ,n,0, β] is a good skew simple stratum in A = EndF (V ) with
2e = e(ΛoE )  4. Let ( J P , λP ) be a self-dual simple type in G attached to [Λ,n,0, β], and Wm the
aﬃne Weyl group with the basis {s0, s1, . . . , sm} which is the support of the Hecke algebra H(G, λP )
(see 1.4).
Proposition 4.1. The Hecke algebra H(G, λP ) has a basis Tw , for w ∈ Wm, as a C-vector space such that
Ts0 , Ts1 , . . . , Tsm satisfy the following quadratic relations:
T 2si = ai Tsi + bi1, ai,bi ∈ C, bi = 0 (4.1)
with (ai,bi) = (q fE − 1,q fE ) for 1  i m − 1. Note that the values of the parameters (a0,b0) and (am,bm)
are not determined.
Proof. By [13, Proposition 6.2], the Hecke algebra H(G, λP ) has a basis Tw , for w ∈ Wm , as a C-
vector space.
For the following facts, refer to [19, 7.2.2]. For t = 0,1, we have the self-dual oE -lattice sequence
Mt in V and support-preserving injective algebra maps, φt ,
H(P (Mt,oE ),ρt)→ H(G, λP ).
We remark M1 = ΛM , as in the proof of Lemma 1.3. By the choice of Mt , there exist T0 ∈
H(P (M0,oE ),ρ0) and T1, . . . , Tm ∈ H(P (M1,oE ),ρ1) such that φ0(T0) = Ts0 and φ1(Ti) = Tsi for
1  i  m, respectively. Thus [14, Theorem 7.12] shows the quadratic relations (4.1) for the Ts ’s in
the assertion.
We prove (ai,bi) = (q fE − 1,q fE ) for 1  i m − 1. We may assume m = 2 (then e = 4 or e = 5)
and it is enough to see (a1,b1) = (q fE − 1,q fE ) for T1. Set G = GL(2 f ,kE ), M = GL( f ,kE ) × GL( f ,kE ),
and D = τ0 ⊗ τ0. We denote by P a maximal parabolic subgroup of G with Levi component M . By
deﬁnition, P (ΛMoE )/P1(Λ
M
oE
) is isomorphic to a unitary group U (ef ,kE0 ) (cf. [19, 3.3]). The group
G is naturally embedded into P (ΛMoE )/P1(Λ
M
oE
), and ρ1 = D or ρ1 = D ⊗ τ1. Thus we see that the
subalgebra of H(P (ΛMoE ),ρ1) generated by T1 is isomorphic to E(D) = IndGP (D), and hence (a1,b1) =
(q fE − 1,q fE ) follows from [11, (4.15)] (cf. [6, Proposition 6]). The proof is completed. 
Let [ΛM,nM,0, β] be a skew semi-simple stratum in A with ΛM in Lemma 3.1, and the β-extension
κ in 1.3 be compatible with some β-extension κM of J (β,ΛM) in the sense of [19, Deﬁnition 4.5].
Write J tM = J t(β,ΛM), for t = 0,1. For the representation λ = κ ⊗ τ of J (β,Λ) in 1.3, we set λ′ =
(κM|P (ΛoE ) J1M) ⊗ τ , a representation of P (ΛoE ) J
1
M (cf. [2, (5.6.1)]). By [19, Proposition 7.1], there is a
canonical algebra isomorphism
H(G, λ′) H(G, λP ) (4.2)
which is support-preserving.
Let (w) be the length of an element w of Wm . We remark that (w) = b(w) via the identiﬁca-
tion Wm = W b .
Proposition 4.2. Let w ∈ Wm, s = si , for i ∈ {0,1, . . . ,m}, and nw , ns be these representatives in Nb as
in Remark 3.1. Let Tw be a function in H(G, λP ) supported on J Pnw J P . If (ws) > (w), then Tw ∗ Ts is
supported on J Pnwns J P .
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J Pnw J Pns J P = J Pnwns J P . (4.3)
We have a canonical bijection
J P\ J Pns J P  J P /
(
J P ∩ ns J Pn−1s
)
.
Denote by Θ the complete system of representatives of the right-hand side. Then we have J Pns J P =⋃
k∈Θ kns J P , and
J Pnw J Pns J P =
⋃
k∈Θ
J Pnwkn
−1
w nwns J P .
For each k ∈ Θ , it is enough to show nwkn−1w ∈ J P (cf. [12, Proposition 2.8]). This method is valid only
for s = s0.
(I) Assume s = s0. Write n0 = ns0 in Remark 3.1. We ﬁrst remark that the action on the blocks Aij
of A =∐i, j Ai j in 1.5 by the conjugation x → n0xn−10 is described as follows: Ai1 → Aie: x → x−1E
(1< i < e), Ae1 → A1e: x → −−1E x−1E , Aej → A1 j : x → −1E x (1< j < e), and it is trivial on the
other Aij , and that J0(β,ΛW ) ⊂ −1E H1(β,ΛW ) by [5, 2.1]. From this remark and Proposition 1.5,
by using elementary row and column operations, we can choose k ∈ Θ in the following form: If e
is even, k = x˜−α0(T ) with T ∈ EJ0(β,ΛW )/EH1(β,ΛW ), and if e is odd, k = x˜−α0/2(T , T ′) with
T ∈ H1(β,ΛW )/EJ0(β,ΛW ), T ′ ∈EJ0(β,ΛW )/EH1(β,ΛW ). Here we remark k ∈ J P ∩ U .
We now assume that e is odd. For w ∈ Wm = W b , let w = dw0, with d =  nE , n ∈ L = Zm , and
with w0 ∈ Wm,0. Then, by Proposition 3.4, we have
nwkn
−1
w = x˜w0(−α0/2)
(

〈w0(−α0/2),n〉
E T1,
〈w0(−α0),n〉
E T
′
1
)
.
By deﬁnition, T1 ∈ H1(β,ΛW ) and T ′1 ∈EJ0(β,ΛW ).
(1) Let w0(−α0/2) < 0. Then w0(−α0) < 0, and by Proposition 3.5, we have  〈w0(−α0),n〉E ∈ oE and

〈w0(−α0/2),n〉
E ∈ oE . Thus  〈w0(−α0),n〉E T1 ∈ H1(β,ΛW ) and  〈w0(−α0/2),n〉E T ′1 ∈ EJ0(β,ΛW ). Hence,
from the block form of J P in Proposition 1.5, we can see that nwkn−1w ∈ J P .
(2) Next, let w0(−α0/2) > 0. Then w0(−α0) > 0. Again by Proposition 3.5, we have  〈w0(−α0),n〉E ∈
p−1E . So 
〈w0(−α0/2),n〉
E ∈ oE . Thus we have

〈w0(−α0/2),n〉
E T1 ∈ H1(β,ΛW ) and  〈w0(−α0),n〉E T ′1 ∈ J0(β,ΛW ).
Similarly Proposition 1.5 shows nwkn−1w ∈ J P .
The assertion in the case of even e is proved in the calculation of the term T ′ above.
(II) Let s = si , i ∈ {1, . . . ,m}. In this case, we can never take a representative k in Θ so that
k ∈ J P ∩ U or k ∈ J P ∩ U , as above. So we cannot use the method of (I). However, fortunately, we
can generalize the method of [2, (5.6.11)] for GL(N, F ) to G . Via the isomorphism (4.2), we pass to
the representation λ′ = (κM |P (ΛoE ) J1M) ⊗ τ of P (ΛoE ) J1M . Thus, in order to prove (4.3), it is enough
to prove
P (ΛoE ) J
1
Mnw P (ΛoE ) J
1
Mns P (ΛoE ) J
1
M = P (ΛoE ) J1Mnwns P (ΛoE ) J1M.
Since P (ΛoE ) and ns = nsi , with i ∈ {2, . . . ,m}, are both contained in P (ΛMoE ), these normalize J1M .
Hence the left-hand side is equal to
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1
Mnw P (ΛoE )ns P (ΛoE ) JM =
⋃
v
P (ΛoE ) J
1
Mnv P (ΛoE ) J
1
M,
where v ∈ Wm , and nv denotes its a representative in Nb . By [2, (1.6.1)] and [16, Theorem 2.3], we
have
P (ΛoE ) J
1
Mnw P (ΛoE )ns P (ΛoE ) J
1
M ∩ B× = P (ΛoE )nw P (ΛoE )ns P (ΛoE ).
Hence it is enough to prove that nw P (ΛoE )ns ⊂ P (ΛoE )nwns P (ΛoE ).
For Φ˜b ⊃ ˜b in Section 2, write α = α˜i = αi ∈ ˜b . Then s = sα . Let Φ˜+b be the subset of positive
roots in Φ˜b spanned by ˜b . We have s(α) = −α and s(Φ˜+b − {α}) ⊂ Φ˜+b . For w ∈ Wm , set Γ˜w =
{β ∈ Φ˜+b | w(β) < 0}. Then it is well known that (w) is equal to #(Γ˜w), the cardinality of the set Γ˜w .
The assumption (ws) > (w) is equivalent to w(α) > 0, as in the proof of Proposition 3.5. Hence
α /∈ Γ˜w , but α ∈ Γ˜ws . We have s(Γ˜w) ⊂ Γ˜ws . It follows that
Γ˜ws = s(Γ˜w) {α}. (4.4)
This implies (ws) = (w) + 1 (cf. [10, 1.5]). We have an Iwahori–Bruhat decomposition GE =
P (ΛmoE )W P (Λ
m
oE
) of GE . Denote by m the length function of the aﬃne Weyl group W (cf. [13, 5.1]).
Let ΦE ⊃ E be the root system of GE and the basis with respect to the maximal E0-torus de-
ﬁned by the basis V = {ei | i ∈ I˜} in Section 2. We have Wm = W b ⊂ W . So we can deﬁne Γw =
{a ∈ Φ+E | w(a) < 0} for w ∈ Wm like Γ˜w . Then the equality (4.4) also shows #(Γws) = #(Γw)+ #(Γs).
Hence we obtain
m(ws) = m(w)+ m(s). (4.5)
Let M˜b = b0 ∩ M˜ be as before, and set Mb = M˜b ∩ G . Then Mb = P (ΛoE ) ∩ M and P (ΛoE ) =
MbP (ΛmoE ). Since the group Wm = W b normalizes Mb . It thus follows from (4.5) that
nw P (ΛoE )ns = nwMbP
(
ΛmoE
)
ns = Mbnw P
(
ΛmoE
)
ns
⊂ MbP
(
ΛmoE
)
nwns P
(
ΛmoE
)⊂ P (ΛoE )nwns P (ΛoE ).
The proof is completed. 
We are now ready to state the main theorem as follows:
Theorem 4.3. Let notation and assumptions be as above. Then the Hecke algebra H(G, λP ) is generic, that
is, it has a basis Tw , for w ∈ Wm, as a C-vector space, that satisfy the following multiplication relations: For
w ∈ Wm and i ∈ {0,1, . . . ,m}, we have Tw ∗ Tsi = Twsi if (wsi) > (w), and
T 2si = ai Tsi + bi1, ai,bi ∈ C, bi = 0
with (ai,bi) = (q fE − 1,q fE ) for i ∈ {1, . . . ,m− 1}.
Proof. Let w ∈ Wm . If w = si1 · · · sid is a reduced expression, by Proposition 4.2, we inductively obtain
Tw = Tsi1 ∗ · · · ∗ Tsid . Hence H(G, λP ) is an associative C-algebra generated by Tsi , for i ∈ {0,1, . . . ,m}.
The quadratic relations have been seen above. 
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